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PART A — (10 x 1 = 10 marks)
Answer ALL questions.
Choose the correct answer :

A complete normed linear space is called as
space.

(a) Metric

(¢) Enmty

(b)y Hilbert
(d) Banach

For a linear transformation T with a real number
k20 satisfring |Thf < Aflx| for every x then K is

called a for T.
(a) bound (b) metric
(c) operator (d) kernal ?

"The conjugate operator T of T is defined b_jv

(T°f)x=

@ T'f(x) ®) [T(x)

© FTx) @ T°(f(x)

The value of [T"T|=

@ IT ® ||

© m @ ¢

An operator N on H is said to be ———if

it commutes with its adjoint.
(a) normal (b) singular

(c) bijective (d) orthogonal

An operator A on H satisfying the condition

A=A" iscalled
(a) adjoint (b) self adjoint

(c) inverse (d) unitary
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B.

C11.

The isometrie isomorphism x — F, is called the
—of N into N7,
[]
(a) bijective (b) injective
() nnturalimbedding () transitive
The ————— of the linear transformation T

is the subset x I consists of all ordered pairs of
the form (x. T(x)).

(n) open () graphof T

(c) open map () closed map

The set of all vectors orthogonal to a non empty
set § is———of S.

(n) orthogonal complement

(b) perpendicular

(¢) parallel

(d) equal

A complete Banach space whose norm arises from
an inner product is said to be

(b) Complete
(d) Lindelof

space.
(a) Banach
(¢} Hilbert
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PART B — (5 x 5 = 25 marks)
Answer ALL questions, choosing either (a) or (b).

(a) Let M bé a linear subspace of a normed
linear space N and [ be a functional defined

on M. If x, is a vector not in M and if
M, =M +[x,] is the linear subspace spanned
by M and x, then prove that f can be
extended to a functional £, defined on M,
such that ||fl=]/]-

Or

(b) Let N and N' be normed linear spaces and
T be a linear transformation of N into N’
then prove that the following conditions are
all equivalent :

(i) T 1iscontinuous

(ii) T is continuous at the origin ie
x, 20=>T(x,}>0

(iii) there exists a real number k>0 with the
property that [T <K[x| for every
xeN. '

(v) if S={r:|x|<1} is the closed unit sphere
in N then T'(S) in a bounded set in N'.
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14.

17.

18.

19.

(n)

(b)

(a)

(h)

(a)

(®)

(a)

(b)

(a)

(b)

(a)

(b)

State and prove closed graph theorem.

Or

Let B be a Banach space and M, N be closed
linear subspnces of B such that B=AM®N.
If z=x4y i= the unique representation of a

vector in [T ne n sum of veetors in M nand N
then prove that the mapping p defined by

P(z)=x isa projection on I whose range and

null space are M and N

If M is a closed lincar subspace of a Hilbert
space I, then prove that [T =M @M*.
Or

Prove Schwarz inequality.

Let H be a Hilbert space and let f be an

arbitrary functional in . Then prove that
there exists a unique vector y in /1 such that

f(x)=(x, y) for every x in /.

Or
If {¢;] is an orthonormal set in a Hilbert space
H, then prove that E|(x, e )’ <|Jx|° for every

vector x in 1.
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Prove that if N is a normed linear space, then
the closed unit sphere S in N” is a compact
Hausdorff space in the weak*topology.

« Or

State and prove open mapping theorem.
If M is a proper closed linear subspace of a

Hilbert space H , then prove that there exists
a non zero vector z, in H such that z; LM .

Or
State and prove Uniform Boundedness
theorem.
If {e,} is an orthonormal set in a Hilbert space

H and if x is an arbitrary vector in f then

.prove that x - Z(x, ¢;) ¢ Le; for each j.

Or

The adjoint operator T —T" on B (H) has
the following properties — Prove.

A (L+T) =T, +T,
() (aT) =aT"

(i) (TT,) =TT,

@) =i,
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15 (a) If T is anoperator on I for which (T, x)=0
for all x . then prove that 7 =0

Or

(h) Prove that a closed hnear subepace M of
is invariant under an operator T if and only if

MUis invariant under T
PART € — (5 « 8 = 10 marks)
Anawer ALL questions, chaosing either (a) or ()

16. (a) Let M be a closed hnear subspace of a
normed linear space N . [f the norm of a coset
x + M in the quotient space N/M is defined
by Jx+ M=inf{lx+m| m= M} then prove
that N/AM is a normed linear space. Also if
N is a Banach space snis N/ M.

Or

®) If N and N’ are normed linear spaces then
prove that the set B (N, V') of all continuous
linear transformations of &V into &V is itself a
normed linear space with respect to the

pointwise linear operations and norm defined

by |7l =sup (ITG<Y < ) <11
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20. (a) If N, and N, are normal operators on H

with either commutes with the adjoint of the
other.then prove that N, +N, and NN, are
normal. ’

Or
(b) Prove that if B,PF,,....P, are the projections
on closed linear subspaces M, M,....M, of
Hthen P=P +P&,...+P, is a projection <
the Ps are pairwise Aorthogonal and P is a
projectionon M =M, +....+M,.
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